We construct a discrete-time ruin model with general premium rate and dependent setting, where the time between two occurrences depends on the previous claim size. The generating function and defective renewal equation satisfied by the Gerber-Shiu expected discounted penalty function are derived by using the roots of a generalized Lundberg's equation. Explicit expressions for the Gerber-Shiu function are obtained with discrete K m -family claim sizes and geometric thresholds. Numerical illustration is then examined.
Introduction
In ruin theory, the compound binomial model and the risk model based on a discretetime renewal process have been extensively analyzed by [, ] , among many others. Note that, for these mentioned risk models, it is explicitly assumed that claim sizes and claim intervals are independent, which can be restrictive in practical context. Cossette et al. [] propose a compound Markov binomial model based on the Markov Bernoulli process that introduces dependence between claim occurrences. Woo [] analyzes a generalized Gerber-Shiu function in a discrete-time renewal risk model with an arbitrary dependence structure. Liu and Bao [] consider a particular dependence structure among the interclaim time and the subsequent claim size and derive defective renewal equation satisfied by the Gerber-Shiu expected discounted penalty function. We mention that the dependence among claim sizes and interclaim arrivals through bivariate geometric distributions and copula functions have been investigated by Marceau [] , where explicit expressions for the Gerber-Shiu expected penalty function are derived.
As mentioned by Landriault [] , unlike the classical compound Poisson model, in which a unite premium can be assumed without loss of generality, it is clear that such reasoning does not hold for compound binomial model. In that paper, the author studies the evaluation of the generalized expected penalty function in the compound binomial risk model in which the premium rate received per period is c (c ∈ N + ). See also Liu and Bao [] for a discrete-time risk model with general premium rate and time-dependent claim sizes.
Inspired by the works [] and [] in a continuous-time risk process with dependence, we consider a fully discrete risk model, in which the distribution of the time until the next claim depends on the amount of the previous claim. Moreover, we further assume that the premium rate received per period is an arbitrary positive integer c. The surplus process of an insurance company is described as
where U() = u ∈ N is the initial surplus, c ∈ N + is the level premium rate, and {N(n), n ∈ N} is the claim-counting process. The claim amounts {X i , i = , , . . . } are a sequence of independent and identically distributed (i.i. assume that p  = p  and  < p i < , i = , . Further, to guarantee that U(n) has a positive drift, we assume that
which is the positive safety loading condition. Let m i (u) denote the Gerber-Shiu expected discounted penalty function with initial capital u given that the first claim occurs according to the geometric distribution with parameter p i , where we classify the insured as Class i for convenience. More precisely, we define
where  < v ≤  is the discount factor, ω : N × N + → N is a penalty function, I(A) is the indicator function of an event A, and T i , i = , , is the time to ruin for Class i. The rest of the paper is structured as follows:
In Section , we analyze the roots of the generalized Lundberg's equation. The defective renewal equations for the Gerber-Shiu expected discounted penalty function are derived in Section . In Section , we obtain the explicit expressions for the Gerber-Shiu function when the claim sizes have discrete K m distributions and the random thresholds follow geometric distributions. A numerical example is also provided.
Generalized Lundberg's equation
In this section, we aim to analyze the roots of generalized Lundberg's equation, which will play an important role in deriving the renewal equation for the Gerber-Shiu function m i (u) defined by (.). Throughout the rest of the entire paper, we use the hat ' ∧ ' to designate the generating function of the corresponding quantity. For simplicity, we introduce the following notation:
By (.) and (.) we can rewrite (.) aŝ
Then conditioning on the time and the amount of the first claim for Class  leads to
Replacing u with u -c in (.) and then rearranging the resulting equation yield
Combining (.) and (.), we get
Multiplying both sides of (.) by z u and summing over u from c to ∞ produce
where * is the convolution factor, and T z is the discrete version of the Dickson-Hipp operator defined by
See Li [] for further details about the elegant properties of the discrete operator. After simple rearrangement, (.) can be rewritten as
where
For Class , along very similar lines as discussed before, we obtain
also polynomials of degree c - in z. Now we rewrite (.) and (.) in matrix form as
where the matrices are defined respectively as
and
To ultimately invertm(z), we need an expression for m(u) for u = , , . . . , c -, which depends on the roots of generalized Lundberg's equation det(A(z) -B(z)) = . It is not hard to calculate that Lundberg's equation is equivalent tô
In the following lemma, we first apply Rouché's theorem on a given contour to identify the number of roots of equation (.) for v ∈ (, ). Proof For v ∈ (, ), it is easy to see that
Lemma 
Note thatχ() +ξ () =  and
Combining (.) and (.) yields Proof By direct calculations we obtain that To identify the expression of m(u) for u = , , . . . , c -, we introduce the partitioned matrices
c. Thus, equation (.) can be reexpressed as
where the matrix Q = HF.
Theorem  For i = , , the Gerber-Shiu expected discounted penalty function m i (u)
with the initial surplus u ∈ {, , . . . , c -} can be determined as
where α l,i (Q) is the cofactor associated with the element in row l and column i of matrix Q.
Defective renewal equations
The main goal of this section is to obtain the defective renewal equation for m i (u), i = , .
To do so, we solve the linear system of equations (.) and (.):
is a polynomial of degree c - in z, and
Sincem  (z) is analytic, the solutions of generalized Lundberg's equation are also zeros of the numerator in (.), we have
Thus, applying the Lagrange interpolating theorem for l(z) leads to
where the last equality is due to the following formula in interpolation theory:
Observing thatĥ ,v (z) is a polynomial of degree c in z, we deduce thatĥ ,v (z) -π(z) is a polynomial of degree c - in z. We use the Lagrange interpolating polynomial to obtain
Since z j , j = , , . . . , c, are roots of generalized Lundberg's equation, we know thatĥ
.
Therefore, we can employ a similar procedure to find an alternative expression for the denominator of the right side of (.) aŝ
Substituting (.) and (.) into (.), we deducê
For the Gerber-Shiu function m  (u), following a similar procedure, we havê . We easily calculate that
and then deduce that k v < . Now we turn to the case of v = . Since z c is a root of generalized Lundberg's equation (.), we havê
Differentiating (.) with respect to z c and taking the limit v → , we eventually find
where the inequality is derived via (.). Thus,
Applications with geometric thresholds
The thresholds can be viewed as a criterion for classifying claims as large or small. In this section, we suppose that the random thresholds
We derive an explicit expression for the Gerber-Shiu function when the claim sizes belong to the discrete K m -family and present some special cases.
The Gerber-Shiu function with K m -family claim sizes
We assume that the claim sizes 
where can be obtained by partial fractions aŝ
Thus, inverting the generating function of (.) gives 
The generating function of the time to ruin with geometric distribution
In this section, we consider the generating function of the time to ruin, which is one of important quantities in risk analysis. Let the penalty function ω(x  , x  ) =  for all x  ∈ N and x  ∈ N + . Then the Gerber-Shiu function (.) reduces to of the previous claim. Some analytic techniques are applied to study the Gerber-Shiu expected discounted penalty function. In particular, we show that the Gerber-Shiu function satisfies a defective renewal equation. Explicit expressions for the Gerber-Shiu function are obtained with discrete K m -family claim sizes and geometric thresholds. The model in this paper can be further extended. For instance, suppose that the premium charged varies depending on the possible change in the distribution of interclaim time. Then the related ruin problems can be solved for this modified model.
